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In this note, we mainly consider the extended Weyl algebra of two generators (u, v), that is, the 
algebra generated by u, v with the fundamental commutation relation u*v—v*u = —ih. Weyl algebra 
is realized on the space C[u, v] by defining various product * K depending on a symmetric matrix K 
called the expression parameter. Via such expressions and ordinary calculus one can treat various 
transcendental elements such as ^-exponential functions and elements obtained by integrations. 

In particular, setting jfU°v = \{u*v +v*u), we show that the ^-exponential function el ihU v+ °^ has 
singular points depending on the expression parameters. The important view point in this chapter 
is that the expression parameter K is moving by the "individual time parameter" r. 

In such an extended Weyl algebra, there are three idempotent elements, called vacuum, bar- 
vacuum and pseudo- vacuum, each of them give a matrix representation of Weyl algebra. 

Furthermore the ^-exponential function e* <ft " v is rapidly decreasing on the imaginary axis. This 
defines two different ^-inverses of jfU°v. By using this, the analytic continuation of (a+j^u°v ) _1 are 
defined. 

Note that the numbers a such that (a+j^uov)' 1 does not exist is called the "spectre". It is 
remarkable that the spectra depends on the expression parameters. Several interesting properties of 
elements defined by integrations will be given. 



1 Fundamental facts for star-products 

For an arbitrary fixed 2x2-complex symmetric matrix K, we set A = K+J where J is the standard 
skew-symmetric matrix J=[? V]- We define a product * A on the space of polynomials C[ui,u 2 ] by 
the formula 

(1-1) / * A 9 = fe^K^) g = £ |§^- • -.V' 1, ()„ ■ ■ -d u J d U] - ■ -d Ujk g. 

k 

It is known and not hard to prove that (C[mi, 1*2], * A ) are mutually isomorphic associative algebras 
for every K. The isomorphism class is called the Weyl algebra, denoted by (Wjj; *). If K is fixed, 
then every element A&iW^-, *) is expressed in the form of ordinary polynomial, which we denote by 
:A: K G C[ui,u 2 ]. For instance 

ift %fx %f\, 

:iii*Ui: x = {u 1 ) 2 +—K 11 , :ui*u 2 : K = u 1 u 2 +—(K 12 -l), ■■U 2 *u x : K = u 1 u 2 +—(K 12 +l). 

Note that *A-product formula gives a way of univalent expression for elements of (W 2 ;*). Via 
univalent expressions, one can consider topological completion of the algebra, and transcendental 
elements. 



2 



By the formulation of orderings, the intertwiner between i^-ordered expression and i^'-ordered 
expression is explicitly given as follows: 

Proposition 1.1 For every K,K' £ ©(2), the intertwiner is defined by 

(1-2) if (/) = exp (jE(^-^KA-)/ (= Io'(Ior\f)), 

which gives an isomorphism I K : (Cfuj; * K+J ) —> (C[tt]; * A „ +7 )- Namely, for any f, g £ C[tt], we /iai>e 

(1-3) if (/* A y) = if (#), 

w/iere A = K+J, A' = K'+J. 

Intertwiners do not change the algebraic structure *, but these change the expression of elements by 
the ordinary commutative structure. 

In what follows, we use the notation * K instead of * A , since the skew-part J is fixed on the 
standard skew-matrix. As in the case of one variable, infinitesimal intertwiner 



d 



K+tK' Ik , 



dlJK') = — I = — K'ijdu d u 



t=0 K 4 



is viewed as a flat connection on the trivial bundle Uife6(2) Hol(C 2 ). The equation of parallel 
translation along a curve K(t) is given by 

(i-4) j t f t = di K {k{t))f u k{t) = jK{t\ 

but this may not have a solution for some initial function. 

Associated with if*£(W2; *), the *-exponential function of if* is defined by the evolution equation 

(1.5) j t f t = :H it : K *f t , / =1. 

If the real analytic solution of (11 .5p exists then the solution is denoted by ie'^*:^ . 

In what follows we set (mi,m 2 ) by (u,v). Note that a quadratic forms with discriminant is 
essentially u 2 by a linear change of generators, and ^-exponential e* u is treated in [9]. Note also 
that 2wv—u*v+v*u is a representative of quadratic forms with discriminant 1 by a linear change of 
generators. We take our attention to the ^-exponential function of a quadratic form 2u°v under a 
general expression parameter K=\l y] . By noting that :j^u°v: K = j^uv+^c, the equation (jl.5p for 
if* = -jUov is written precisely as 

d c 1 

— ft (u, v) = {-+—uv)f t {u, v)+((c+l)u+Sv)d u f t {u, v) + (5'u+(c-l)v)d v f t {u, v) 

(1.6) dt 2 lU 

+ y(5( C +l)^/,(n,^)+(^+ C 2 -l)a !i a u / 4 (n,tO+5 / ( C -l)^/,(n,^)). 
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By setting A=e t +e t —c(e t —e *), the solution is given by 

n 7 ) . e ^ 2 ^. 2 e A A^^W (( et - e " t )(^" 2 +^ 2 )+ 2Aw ) 

' K v/A 2 -(e*-e-*) 2 W 

(See [11] to know how to find this formula.) 

Setting 55' = p 2 , we see 
(1.8) v /A 2 -(e i -e-*) 2 W = e-V((l-c+p)e 2 *+(l+c-p))((l-c-p)e 2i +(l+c+p)). 

As :e* a : K has double branched singularities, we have to prepare two ± sheets with slits. Hence, 
we have two origins 0+, 0_ for :et ihU V \ K . Noting that :et ih2u ": K =vT, we set 



1.9) :e/ !ft : K =1, :e* •» : x = - 1. 



1 ».„.,. n 1 

it 



Note also that :e* ift : K =v 1, but this is not an absolute scalar. The ± sign depends on K and 

the path form to iri by setting :ei ih2u v : K =1. As this is a scalar-like element belonging to a one 
parameter subgroup, we call it a q-scalar. 

If t = ±y, then (II. 7p is called the polar element and denoted by e 00 [10], [TTj : 

(1.10) :£ o:*r = e »ft?r^n ^ j_ 

For the simplest case c = 5 = 5' = in (11.71) is the Weyl ordered expression. This is not a 
generic ordered expression having singular points on the imaginary axis, and this is 7rz-alternating 
periodic. 

On the contrary, the unit ordered expression is given by K=I, i.e. 5=5' =1, c=0. By (II. 7p . 
we have 

{i. ii) .e, . 2 

This is 7rz-periodic and there is no singular point. 
The case where c=0 and 55'y^l, 

For the case 5 = 5' = but which involves the normal ordered expression for c = 1, we 

see that 

(1.12) :e^°\ = -L e^^( 2Am ') = i e^^ 2 ™. 

a/A 2 a 

This is the case where the singular points are not branching ones and they are sitting iri periodically 
on a single line parallel to the imaginary axis whose real part are given by log | ^ | . We see also that 

:ei h2u v : K is alternating 7rz-periodic along the imaginary axis. 

There is another special expression parameter K such that (1+c) 2 — p 2 =0, which will be called 
the separating ordered expression. In this case, we have 

(1.13) v /A 2 -(e i -e-*) 2 W = ^A(l+c 2 )-Ae 2t . 

This is the case where the periodicity of ; e ^ +tt ^ ih2u v - k w.r.t. t changes at s ^ log |4(l+c 2 )|. 
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1.1 Generic properties of *-exponential functions of quadratic forms 

In the previous note [H] we have studied ^-exponential functions of quadratic forms under a fixed 
expression parameter. In this chapter, we fix a quadratic form a+2u°v for a G C, but move the 
expression parameter. The important view point here is that we are thinking that K is moving by 
the individual time parameter. 

One parameter subgroup e z ^ a+2u ° v ^> Q f th e ^-exponential function of a quadratic form a+2u°v has 
remarkable properties that the periodicity depends on a and the expression parameters. We first 

summarize generic properties of the *-exponential function :e z } a+ih2u V : K mentioned in [ID], [TTj . 
where by generic property we mean properties held in almost all (open dense) expressions. 
Note first that ^m»u — | = ^uw, and the fundamental exponential law (cf. (d) below) 

2 (a+i2W) _ z±2u°v z(a+±2uov) z'(a+^2uo V ) _ (z+z>){a+±-2u°v) 

tt , -. z\2u°v . . ,. . , , T „ , z\2u*v z(—l+\2u°v) 

Hence the essential part is e* , but its periodicity depends on a. It a=l, then e* =e* 

Let Hol(C 2 ) be the space of all holomorphic functions of (u,v) G C 2 with the uniform convergent 
topology on each compact subset. 

(a) In generic ordered expressions, one may assume there is no singular point on the real axis and 
the pure imaginary axis. 

(b) el ihU v is a ifoZ (C 2 )-valued 27ii-periodic function, i.e. :e [ z+2lT ^ ihU v -_ k = ;et ihU V \ K . More precisely, 
it is 7ri-periodic or alternating 7ri-periodic. 

(c) e* ih is rapidly decreasing along any line parallel to the real line. 

o 

(d) As a result, e* ifi must have periodic singular points. But the singular points are double 

branched. Hence e* ifi is double- valued with the sign ambiguity. Singular point set E# is distributed 
7ri-periodically along the two lines parallel to the imaginary axis. In spite of double-valued nature, 
the exponential law 

Z^U°V z'-^U°V (z + z')^rU°V 



holds under the calculation such that y/aVb = \fab~. 

— ■ u°v 

(e) By requesting 1 at z — 0, i.e. :e* tt : K = 1, the 1 
[0~z] is a path from to z avoiding and evaluating at z. 



e) By requesting 1 at z — 0, i.e. :e* iftU = 1, the value :el° z ^ ftU ": K is determined uniquely, where 



1.2 Periodicity and the exchanging interval 

±-2-2u°v 

In generic ordered expressions :e* ' h : K , is 27ii-periodic along any line parallel to the imaginary 
axis. In generic K, there are two real number a, b (a<b) such that the set of singular points are 
lying on the lines (a+zR) U (6+zR). 

Assuming (1— c) 2 — p 2 ^ in generic K, we set 

a = log- — , 6 = log- 

l—c+p 1—c—p 

in (jl.8p . Then a=aAb, b—aVb. The open interval Io(K) = (aAb,a\/b) is called the (sheet) exchang- 
ing interval of el ih2u v . As the exponential law shows that et ih2u * v , e* ift2w " have singular points 
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on the same two lines, h{K) is called also the exchanging interval of these. The separating ordered 
expression is the case where a A b is — oo, i.e. L(K)—(— oo, a V b). 

As the pattern of periodicity depends on how the circle {re l9 ; 9 £ R} round the singular points, it 
depends delicately on K. There are three disjoint open subsets &± and of the space of expression 
parameters such that & + U ^_ U ^ is dense. 

(1) If K$i& + (resp. £_), the singular set of :ei h w ' : K appears ^-periodically only in the open right 
(resp. left) half plane, along two lines parallel to the imaginary axis, and the ^-exponential functions 
form a complex semi-group over the left (resp. right) half plane without sign ambiguity by requesting 

1 at t=0. Moreover, :ef Zih2u V, . K , is alternating 7rz-periodic on the imaginary axis, and :ef ih2u V \ K is 
rapidly decreasing of e - ' 2 ' order along any line parallel to the real line. 

In particular, we have :e*^^ ih2u V \ K = :el°~^ ih 2u V \ K = —1, and hence £q = —1 by the * K - 
product, where [0— >a] is the path starting from the origin ending at a along the line segment, but 
the *-exponential is evaluated at t—a by the continuous chase from to a along the path [0— >a] . 

The special ordered expression K s used in [10] is in 



(2) If K £ &q, singular set appears in both left and right half-planes, but not on the imaginary axis. 

Both of these lines are parallel to the imaginary axis. In particular, we have :^^^ ih2u 1 : K = 1, and 

then Sq = 1 by the natural product along the imaginary axis. Moreover, :e^ ih2u V \ K , is 7rz-periodic 
on the imaginary axis. 

The Siegel ordered expression mentioned in [TU], [IT], i.e. Re j^{£(iK),£) > c^|C| 2 for some cr->0, 
is in Mq. 

For every s £ I (K), by replacing \u°v to \u°v, :e* +lt ^ ihU V \ K is 27r-periodic w.r.t. t, but 

(s+it)-ku*v . • t „ „ -= , Tyr \ (s+it)-}ru°v 

:e* : A , is alternating Z7T-periodic w.r.t. t. On the contrary, tor every s £ R\1 (K J, :e* : K 

is alternating 2-7r-periodic w.r.t. t, and :e* ih : K is 27r-periodic w.r.t. t. 

1.2.1 Rules of setting slits and evaluations 

As there is no singular point on the real axis, and the pure imaginary axis in generic ordered expres- 
sion, one can evaluate by (ll.9|) 

( s +)(jK u ° v+a \ . ( s -)(jK u ° v+a ) . . ( is +)(jK u ° v+a ) . . ( is -)(jK u ° v + a ) . 

• 6* - K i -6* - K i -6* -j^, -6* - K 

univalent way for every s £ K, We see 



K 



, s ( s _)(±u°v+a) _ _ _ (s + )(i«+a) i {is-)(±u°v+a) _ _ _ (is + )(^uov+a) _ 

where (a + ), (a_) are a in the positive, the negative sheet respectively. 

We want to evaluate ■ e [ s±+lt ^ i,iU v+a : K by solving the differential equation 

d ..1 . ( s± )(-L u o v + a ) 

1 7ft=x(TzUov+a): K * K f t , f = :el >: K . 
at in 

If we neglect the sign ambiguity, the solution is given by :e [ s±+lt ^ ihU v+a \ K . As singular points are 
double branched singular points, we have to mind the slits where sheets are changing. 
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There are many ways to set slits. A typical way is to set slits 27r-periodically between singular 
points, if ±00 split in the Riemann surface. In this case, we have two — oo±, and two oo±, where 
±oo_|_ are in positive sheet and ±00 _ are in negative sheet. This will be used for the case «GZ+|. 

Another is to set slits between ±00 and singular points, where ±00 do not split in the Riemann 

surface. This will be used for the case aGZ. In any case, the value :el ihU V+ °^: K changes sign 
discontinuously when a point z crossed a slit in the same sheet. One has to change sheets for the 
continuous tracing. 

As a standard one, we set slits between singular points just as in the vertical segments in the 
picture below. We have two zero 0+, 0_ and two —00; — oo + , — oo„ and two 00; oo + ,oo_. The 

^-exponential function :e* Q+tt2u v : K is viewed as a single Hol(C 2 ) -valued function on this space. 




Fig.l Riemann surface of infinite genus 



where vertical lines in Fig.l are near to parallel to the real axis. 

A little care is requested to apply the Cauchy's integral theorem. All closed paths drawn in Fig.l 
give closed paths in the Riemann surface of infinite genus, where dotted lines are in the negative 
sheets. On such a curve, we have to evaluate by continuous tracing along a curve in spite of the 
evaluation rule (I1.14p . Note that (11.14p is the evaluation along a path from 0± without crossing slits. 



2 Elements defined by integrals 

Note that in a generic ordered expression e^ ih2u v is rapidly decreasing with the growth order e - '*' 
along lines parallel to the real axis. Noting v*u=u°v+\ih ) we see the following: 

Proposition 2.1 In generic ordered expressions such that there is no singular point on the real axis 



but the following limit exists 



t-^2u*v t-^2v*u 

lim e* =(J, lim e* =0, 

t— >oo t— >— 00 



,. t\2u*v ,. t\2v*u 

lim e* =woo, hm e* =ro o- 

t— >— 00 t— >oo 



More precisely, in a fixed generic expression parameter K=]^ c 4 C ;], :e\ ih2u V \ K is smooth rapidly 



z\2u*v 2 _l 1 (Su 2 -(l+c)2uv+8'v 2 ) 



* K 

t— >■— OO 



decreasing in ± directions and fll.7jl gives 

t^2u*v 2 

/ n1 \ t\2v*u 2 1 1 (8u 2 +(l-c)2uv+6'v 2 ) 

(2.1) :w 00 : K = hm:e^ : K = e ^Jx=^iF^ 

^J(l-c) 2 -55' 

ti?2u*v t-fr2v*U 

hm :e* : K = U; hm :e* : K =U. 

t— >oo t— 00 
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without sign ambiguity. We call rooo and c^oo vacuum and bar-vacuum respectively. These are 
contained in the space Ce^"'^ of exponential functions of quadratic forms. 

As zuqq is defined by the limit, we see u*v*vjqq = = zuqo*u*v. But the "bumping identity" 
v*f(u*v)=f(v*u)*v give the following: 

Lemma 2.1 v*Wqq=0=Wqq*u , u*Wqq=0=wq *v in generic ordered expressions. 

Proof Using the continuity of v*, we see that v * liim_ 5 .„ 00 e* ih2u * v = lim t _ ! ._ 00 v *el ih2u * v . Hence, the 

•f _ ^ jjl jjg At ■ 

bumping identity gives lim^.oo e* ih *v=0 by using Proposition ^. II □. 
The exponential law gives 

^00*^00=^00, ^00*^00=^00- 

However, the product ro o*^oo diverges whenever this is defined as lim^.oo e t ™* v *Woo. But in fact, 
it depends how the product is defined, as it will be mentioned below it is better so to define that 

woo*^oo = 0. 

The next identities are easy to see 

11 1 _ 1_ 

?Z m *—U°V = -W 0Q , —U°V*m 00 = --Wqq. 

in Z in 2 

Note that in order to keep the associativity 

(2.2) (zu 00 *—uov)*m Q0 = zu 00 *(^ruov*woo), 

in in 

we have to define 

1 _ 1 _ 

-G7 00 *W o = --W 00 *ZO 00 = 0. 

Note that there is no sign ambiguity. But strictly speaking, vacuums should be so defined carefully 
that they do not involve sign ambiguity. 

Note In the traditional ring theory, vacuums are defined as maximal left ideals. But we prefer to 
use the notion of vacuums as physicists uses, to which we can not give a mathematical definition, 
because we do not know what is the true nature of the vacuum. Equality in Lemma 12.11 may be 
understood to give the separation of a "configuration space" from the phase space. It should be 
noted also that we have two sheets and these changes sign in the opposite sheet. 



2.1 Vacuums and pseudo- vacuums 

Note that if \Ret\ is sufficiently large, then et +l °' )ihU * 1 \ e ^ +lrT ^ m v * u are both. 27r-periodic w.r.t. a. 
Thus, it is better to define vacuums as the limits of period integral: 

(t+itj) -ru*v , _ / (s+icrWiwu , 

ei ' h da, 2irzu 00 = hm el A da. 

-TV J — 7T 
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In fact, we have no need to take the limit since these are constant if \t\, \s\ are sufficiently large. In 
fact, Cauchy's integral theorem together with 27r-periodicity gives 



27T ' 



1 

2^ 





s<a 


o, 


s>b 


o, 


s<a 




s>b. 



The product G7 o*^oo can not be defined directly by the definition, but the product 
el Uh da* I el ' A da = I I el ' lh K dada' 



can be defined always to give 0, for by using j^u*v = j^u°v—^, and -^v*u = -^u°v+-^, the change of 



variables gives 



Thus, we have 



e +l °da I e^ s '- s -^e { : +s ' +lT) ^ u ° v dr = 0. 



Proposition 2.2 For every polynomial p(u, v) , zuoo*p if (u,v)*'cooo=0=woo*p(u,v)*woo in generic or- 
dered expression. (Cf. (12. 2p .) 




Riemann sphere 

(s+ia) jj-u*v 



Keeping the periodicity in mind, the Rie- 
mann surface of el ihU * v may be viewed as the 
Riemann sphere, where s a , Sb in the figure 
are singular points. Vertical circuit between 
these correspond to the lines parallel to the 
imaginary axis. The complex number zeC is 
expressed in the figure by (z, +) and (z, — ) in 
±-sheet respectively. Note also that the inte- 
gral along a such vertical circuit vanishes by 
the alternating periodicity. 
In such a compact Riemann surface, homolog- 
ical cycles play important role. But some of 
them are not related to closed one parameter 

, „ t(a+\u°v) 

subgroups of e* 



Noting :e 

the alternating 27r-periodicity, we see 

<-2- 



: K is 47r-periodic for \s\ ^> 0, and :e^ +la ^ ihU * v : K da = for s G L(K) by 



(2.4) 



Hence we see 



1 

47T 
1 

^ .1-2, 



-27T 

2tt 



:el ' th : w da 



:el >lh : K da 



2rr 





s < a 


o, 


a < s 


o, 


s <b 




b < s, 



1 1 / (s+icr) -4 u*v 

—u*v* — / :e* : K aa=—o[s—a)wQQ. 
ih 4tt J_ 2n 
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It is easy to see that first equality of (12 .4p is the solution of 

d 





-6(s-a)woo*f(s), f(-oo) = zu 00 . 



Minding the negative sheet, the integral 

r-27T 



Air 



2k 



-Woo — ro 00 

not a closed path 
If a < s < b, the integral on half-period depends on s 



may be expressed symbolically by the l.h.s. picture. 
Note that if a < s < b, then :ei' s+WT ' )ihU * 1 K ; ae[— it, tt] is 



(2.5) 



d_ 
ds 



2n 



el ; lh da 



2~ 



-i)—e\ Uh da = -(el >lh -e* lh 
da i 



2.1.1 The pseudo- vacuum 

Let L(K) = [a, b] be the exchanging interval of :el mU V \ K . The periodicity of el s+i ^ iftU v with respect 

to t depends on s£lL e* ih is 27T2-periodic in t if a < s < b, and alternating 2"7n-periodic, if 
s < a or b < s. For a<s<b, we set 



(2.6) 



is :, 



2vr 



2jt 



This is independent of s whenever a < s < b and {^u°v )* J ( 



2tt {s+i^j^wv 



0. 



Suppose K £ ^o- Then e* * U v is 27r-periodic and ^- :e^ ihU ^ : K dt has the idempotent prop- 



erty. It is easy to see that ^- f Q 27r :e**^ ft " ^ 



dt = — f ■e" KJE """ J - dt 




47r . „**(5I U ° 1 '). 
K""" ~ 4tt Jo 

This is called the pseudo-vacuum. We denote this 
by ^^(O):^, but note that the pseudo- vacuum is ex- 
pressed only by expression parameter K £ Minding 
the existence of opposite sheet and the 27rz-alternating 
periodicity for \s\ ^> 0, we set the slits between 
singular points and ±oo. Consider now the inte- 
gral :e[ s+tt ^ ihU v ^; K dt. Putting the periodicity in 
mind, Cauchy's integral theorem gives 

0, s < a 

:m*(0): K , a < s < 6, K <E &q 
0, b < s 
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This formula may be expressed symbolically by the l.h.s. 
picture. Since zu o, w 00 are defined respectively by inte- 
grals ^ JZ n :ei s+ir7){ ^ UOVT ^: K da, for s « and s » 0, 
the direct computation via changing variables gives also 

:ro o*w*(°) : A- = = :w*(0)*w 00 : K , Ke&o, 
n exchanging interval ^ :zDqo*zj*(0): k = = :zu^(0)*^qq: k , K^&q. 

Note that ro 00 ,ro o are defined also by :e* +%CT ^ i,%u VT ^: K da } for s « and s » 0. Using 

these we have also 

Proposition 2.3 If Ke&q, then for every polynomial p(u,v) , 

zu*(0)*p*(u, v)*u7 o=0=u7oo*p*(u, v)*m*(0), G7*(0)*p*(tt, v )*ro o=0=w o*P*(M, v)*zu*(0). 

Proof Note first that (u°v)*m*(0)=0=u7 1) ,(0)*(u°v), and vjqq*u—Q—v*vjqq. Hence we have only to 
show 

ro*(0)*-u*rooo = = W Q*V*tO*(0). 
The bumping identity gives m*(0)*u = u*j- £lJ* {rnM) dt. Thus, for s«0, 

/ it(-r^u°v-\-l) (s+2r)^7-ii°u 7 

/ e* th *el lh dtdr 

-2tt J -2tx 

Exponential law and changing variables make this integral vanish. □ 
2.1.2 No other idempotent element 

In general, :e % l ihU v : K is 47r-periodic one parameter subgroup in t&R under a generic ordered expres- 

sion. Hence the exponential law gives for every rational number ^, :e* 1 p : K is 4p7r-periodic one 
parameter subgroup and the period integral 

wJ±-) = — I e/ !ft p> dt 
p Apir 



o 



has the idempotent property U7*(±|)*U7*(±-) = m*(±~). However, we show in what follows that 
this is nontrivial only if -=0. 

Cauchy's integral theorem shows that if < a, then :tu*(-): Jf = for 2 > — |, and if b < 0, then 

:zu*(-): K = for - < \. Recalling ( I2.19p . we see that pseudo-vacuums appears only for the case 

a < < b, and the case | - 1 < ~ is essential by a suitable shift of integers via bumping identity. 

ia{-^u°v+ — ) 

If a < < b, i.e. K e ^o, then :e* 2 p : K is 2p7r-periodic, but if p is an even integer (hence q 
is an odd integer), then :e* ^ ft +P : K is alternating pix periodic, and 

1 f 2pn ( S +w)(I«»«+i) 

(2.8) _jf :ei ><•« -'^ = 0. 

In fact, we see a stronger result as follows: 
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Theorem 2.1 //" — f<~<|, then under the K -expression, za*(±~)=-^ Io Pn e * %% ? dt=0 except 
the case ^=0, where w*(0)=^r e % ^ ihU v dt=^ e*^ iftU 

Proof e* p lh 
this is given by 



Proof e* p ! is 2p7r-periodic, As e* p 1 and e p are 2p7r-periodic, the Fourier expansion of 



2p7T 



ir{i + \u°v) 1 v-^ /" 2p7r it(S.+ l „<,„_*) . fc 

2_/ / e * dt e • 



o 



This converges in the C°°-topology on S 1 . Set the r.h.s. by /(r) = 2~2 a k^ pT - Note the 2p7r- 



periodicity, and also that /(r) has the property f(r+2n) = e 2nt pf(r). This gives 

tl i O \ \ ^ i-2-K i^T 2-iriZ \^ j^r 

j{T+27r) = y^ a k e p e p = e p y^a-ke p ■ 

The uniqueness of Fourier coefficients gives ake l p 27T = e 2nt ~p~ak and hence vanishes if k ^ g+p^, 
£ G Z. Hence the Fourier series of /(r) is 

(2 9) = y JL ft e ^ = Y - T e^^dt e^\ 

for the integrand is 27r-periodic. Componentwise integration gives that if -+£ ^ 0, then 

V 2pWo e 2 P l Jo Jo 

This is nontrivial if and only if — = and £=0. □ 

2.2 Two inverses in generic ordered expressions 

Recall the formula (II .7]) shows that :el f ihU v : K is 47rz-periodic along any line parallel to the pure 
imaginary axis, and rapidly decreasing along any line parallel to the real line. 

Similar to Jacobi's theta function in [9], we have a convergence of the infinite summation 



(2.10) 6 L (C;*)= £ e? +kL ^ u °\ Q L (C;K)= £ :£ +kL >*™: K 

fc=— oo fc=— oo 

whenever there is no singular point on the line C+^- Hence we have two different inverses of 1— e* iR " 

oo — 1 

^ e ((+ kL )iK uov 



-1 

6* 



fc=0 fc=— oo 

At the first glance, 6l(0 *) looks to be double periodic such that 

e L (c+L; *) = e L (C; *), e L (c+47rz; *) = e L (C; *) 
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However, there is no rule to evaluate Ol(0 *) at £ = x+iy univalent way if C = x+iy+kL is on the 
slit. Hence, 0l(C; *) is well-defined only in the case that the exchanging interval h{K) is empty (eg. 
the case p = in fll,12p ). If this is the case, Ol(0 *) is a double periodic element having essential 
singular points. Thus, we have to develop some other theory for such an "elliptic" element, which 
will be discussed in forthcoming paper. 

Similarly, supposing there is no singular point on iy+WL, (11.71) gives for \Rez\ < \ that 



r\( ■ i 1 ts\ f°° ( x + i y)( z +jK u ° v ) j 
V(iy, z+—u°v,K) = / :e* : K ax 

IP* ./_rvi 



is an element of Hol(C 2 ) in generic K. By Cauchy's integral theorem D(iy, z+-ku<>v, K) does not 
depend on iy if \y\ is sufficiently small. But, the value jumps discontinuously when iy+M. hits the 
singularity. 

Note that integrals eT + ^° v) dt, - / °° e? + ^ u ° v) dt give inverses of z-\--ku°v in generic ordered 
expressions, which are denoted by (z+^tuov)~ + , {z+-ku°v)#- respectively. The following may be 
viewed clS 8b Sato's hyp erf unction: 

Proposition 2.4 If — | < Kez < | , then the difference of the two inverses is given by 

(2.11) (z+^uov);l-(z+^v):^ J el {z+ ^ u ° v) dt, 

which is holomorphic on this strip in generic ordered expressions. This will be called *- delta function 
and denoted by 6*(—iz+hi<>v). 

Note also that 

iz+—u°v ): = D(0, z+— u°v, K). 
n in 

Recall that (z+^ku°v)*5*(— iz+lu°v) = 0. Thus, we have to set 

is(z+\u°v) r-/. 1 \ c- / • ^ \ 

e* lh *bJ—iz+—u°v)=oJ—iz+—u°v) 
n n 

whenever the *-product el sH *f is defined as the real analytic solution of the evolution equation 
-j^f s = iH*f s , fo = f. In spite of this, the integral element D(is, z+^u°v, K) is not continuous in s 
in general. 

For a, b such that a ^ b, four elements 

(2.12) T^—i( a + -k u ° v )*l -i b + -k u ° v )*l} (independent ±), 

b — a in in 

give respectively inverses of 

(a + —u°v)*(b + —u°v). 
in in 

Thus, we define the *-product (a+ j^u°v)~±*(b+ j^u°v)~± by this formula. Note that ^multiplications 
are calculated by summations. Similarly, we define 

1 1 d 1 

(a + Tru°v)~±*(a + —u°v)~±= - —(a + —u°v)~±, (± respectively) 

13 



but (a + \u°v)*±*(a + -Aim;) diverges. We refer such calculations to resolvent calculus. (Cf.[H].) 

On the other hand, note that a change of variables t — >- — t gives 

a \i ' \-i f°° - t( ^ z --k u ° v Ku f < y z -JK u ° v ) j+ 
{{— z)+— uov)^_—— I e* lh dt=— I e* %n at. 



ifc JO J-oc 

Thus, in generic ordered expressions, we see that 

(2.13) ( z -L UoV )^=-((- z )+L UoV ) : l 

x-» • i • e\ r T ■ 17 ■ ■ i J fO , f-0 t(z— -^rU°v) 

Proposition 2.5 In generic ordered expressions, integrals J_ oo e* and J_ oo e* con- 

verge on the domain Rez> — |. 

Using this, note first that [z±\u°v)~± are holomorphic on the domain Re 2; > — | in generic 
ordered expressions. It is natural to expect that 

for any non-zero constant C. But this holds only for C = re ld such that \9\ is small enough, because 
of the singular point of e} z+ihU v . To confirm this, we set C=re td and consider the integral 

f° re te t(z±4ru°v) ,, 

re w / e* lh dt. 



00 



It is easy to see that its r-derivative vanishes for r > 0. For the ^-derivative, note that in generic 
/^-ordered expressions, the phase part of the integrand is bounded in t and the amplitude is 

2e ie tz 



(l-K)e eie */2 + (i +K ) e -^V2 : 

The integral converges whenever Ree j6, (z±i) > 0, and — te %e does not hit the singular points. Then, 
the integration by parts gives that its ^-derivative vanishes. 

It follows that in generic ordered expressions, (z±^u°v)~± are holomorphic on an overhanged 
sectoral domain 

C\{-D-i}, D = {z = re»\0\<l-e}. 

Remark If a>0, then a((a(z±j^u°v)*±)~ 1 ) = (z±j^u°v)~±, but a((a(z±j^u°v ) >t: ±)~ 1 ) = (z±j^u°v)~^ for 
a<0. 

Next, it is natural to expect that the bumping identity (u°v )*v=v*(u°v— in) gives the following 
"sliding identities" 

v~+*(z+\uo V )~l*v=(z-l+-!-uov)~l, v~l*(z-—u<>v)~l*v=(z+l-—u°v)~}. 
in in in in 

whenever one can use the inverse of v in a suitable ordered expression. In § 14.2. 1\ analytic continuation 

will be produced via these sliding identities. 

However, the existence of v~l is not a generic property. In this note, we use the sliding identity 
by using, instead of v~ + , the left inverse v° of v given by (12.141) . 

Remark There is a i^-ordered expression such that : f_ e^dt: K converges to give an inverse of 
:v~ + : K of v (cf. j9]). But we easily see :v~ + *g?oo'- k must diverge, for v*wqo = in generic ordered 
expression. 
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2.2.1 Remarks on ordinary calculus 

Next, we note that (II. 7p gives in generic ordered expressions that the integrals 

1 fOO j 1 /*0 l 

— — / e* cts, w*m)*j„=tz / e* as 



exist to give inverses of u*v, v*u respectively. Hence the next ones give left/right inverses of u,v 

(2.14) v°=u*(v*u)~l, u m =v*(u*v)~_, 
for it is easy to see that 

v*v°=l, v°*v=l—zuoo, u*u'=l, u'*u=l—zuoo- 
The bumping identity u*f*(v*u) = f*(u*v)*u gives 

v*(z+—u°v )*v °=z+l-\ — -u°v , v °*(z+— u°v )*v =(1— zv q)*(z— lH — -u°v). 
in in in in 

u*(z-\ — -u°v )*u'=z— H — -uov, u'*(z+— u°v )*u=(l— woo)*(z+l-\ — -u°v). 
in in in in 

The successive use of the bumping identity gives the following useful formula: 

(2.15) n l l \ 

(u')^*w o=(v*(u*v)~l) n *w 00 = — (—v)'**^oo- 

nl in 

Next Proposition shows that the vacuum representation involves ordinary elementary calculus. 
Proposition 2.6 In generic ordered expressions, we have 

1 1 f u 

—v*f(u)*zu 00 = f(u)*m 00 , v°*f(u)*w Q0 = — / f(x)dx*w 00 . 
in in j^oo 

That is, hy* represents the differentiation, and its right inverse v°* represents the integration. 

Proof Since v*f(u) = f(u)*v+ihf'(u), first one is easy to see. For the second, [itmt, it] = u and 
v*w 00 = gives that 

e* */(w)*e* !R —j[e u), e* *tu 00 = e *w o- 
It follows v°*f(u)*vj 00 = i f_ e l u* f (e t u)dt*-n7 o- Set x = e l u to obtain the result. □ 



By Proposition ^. 6| one can begin the whole story with the algebra of ordinary elemen- 
tary calculus of differentiation and integration. This implies that all strange phenomena 
mentioned in [S], [TU] and [IT] are already involved in the ordinary elementary calculus. 
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2.3 Integrals along closed paths 

All closed paths drawn in the Fig.l give closed paths in the Riemann surface with infinite genus, 
where dotted lines are in the negative sheets. Let C be a one of such closed path. Then, the integral 

J c :e* dz: K must satisfy 

rn n\ t 1 \ f z(a+-^-u°v) , f d z(a+ir;U°V ) , „ 

(2.16) :(a+—u°v) * / e* lh 'dz: K = : / — e* lh dz: K = 0. 

in J c J c az 

Residue-like integrals Now, let C be a closed path avoiding the singular points and intersecting 

the slit even (possibly zero) times. At a first glance, the integral J c et^ ihU v+a ^dz looks to relate to 
the residues of singular points sitting in the inside of C. In fact, this integral is nothing to do with 

residues. We call this a residue-like integral. The residue-like integral of e* ih relates to the 

global topological nature. On the contrary, the residues of e* m does not have a global nature. 

The bumping identity u*f*{v*u) = f*{u*v)*u gives 

(2.17) u n *e* lh =e*' h *u n , v n *e** h =e* lh *v n . 



Hence 



z(-^u°v+a) , f , ifl. zf-Luov+a—i) \ f z(iru°v+a—l) , 

:u*e*' h >*v: K dz= / :(u°v-— )*e* ' h : K dz = (ih)(--a) / :e* lh ': K dz. 



C JC Z Z JC 

Repeat this to obtain 

/ :u n *e* th '*v n dz: K = (ih) n (--a) n : / e* lh 'dz: K , 
Jc 2 J c 

where (a) n = a(a+l) ■ ■ ■ (a+n—1), (a) = 1. Similarly we have 

„ / z(-^u a v+a) . „ /-j_\n/ 3 , . 5 . . 2,7l-\-\ . / z(-^u a v+a+n) . 

:v n * e*' h ': K dz*u n : K = (th) n (---a)(---a)---( a): / e* lh dz: } 



jc 2 2 2 j c 

= {\-*)- n . J c e^ U ° V+a+n) dz-. K , 

by extending the convention (a)_ n = (a— l)(a— 2) • • • (a— n). If we use the convention 

C k<0, C £<0, 

then we have 

(2.19) :C* / e* !ft 'dz*( n : K = {--a) n : / e> ft nGZ 

Hence the essential part of the integral f!2.19p is reduced to the case |Re(a)| < |. 
Moreover, recall the associativity 

, s(a+±:U°v) 1 . t(/8+Auo„) s(o!+iW) 1 t(^+A«o,,) 1 s(a+iW) t(y8+iitou), 

(e* *— -u°t>)*e* =e* *( — u°v*e* ) =—u°v*(e* *e* 

in in 
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proved by the formal associativity theorem (cf.[TTJ). By the fundamental product formula (cf.|llj). 
we see the product remains in the space C[u, v]e^ u ' v \ Since this is continuous w.r.t (s,t), the 
integration by dsdt on compact domain CxC in (I2.16P gives that 



CxC 



e* lh '*—u°v)*e* lh 'dzdC, 
in 



CxC 



z(a+-^u°v) , 1 C(0+-k;U°v) s , r> 

e* " l '*(—u°v*e* A ')dzd(. 
in 



Since CxC is compact, the uniform continuity gives 



[e* " l '*—u°v)dz* / e* A 'd( = / e* lh ' dz* \ (— uov*e* lh )d(. 



ih 



c 



c 



c 



ih 



Hence we see 



:-a I ef a+ ^ u ° v) dz *J e^ u ° v) d{: K = : J dz*^v *j e^^d^ 

= :-P [ el ia+ ^° v) dz*[ e? + ^° v) dC: K . 



c 



c 



Thus, if a ^ fl, then 
(2.20) 



e* lh dz* I e* * ft 'd(: K = {a ^ /?). 



In the case a = in generic K, we see easily 

_^ * S+47T2 - 








c, 



e* dz:„ = A-k-.wJs) 



►0 



e* dz: K = -47r:iu*(sJ: Jf 



On the other hand, as linv^.oo e* 
s+2ni 



for hm T ^ ±00 ei lh =0. 
- -a7 00 , hm r ^ 00 e* = 0, we have 




: / e* 1 ' 1 = -27r:a7 o: K . 

c 



Similarly, we have 



or w 00 



: / e^ h dz: K = 2ir:zuo : K . 

c 



The next one is given by 27u-alternating periodicity and by Cauchy's integral theorem: 



r 



c 



slit 



e^ n dz: K = 2 



c 



e* lh ds: A .=2:d 1t (-Moti): A ,. 
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2.3.1 Residues and secondary residues 

Let a+ida, b+ia^ be the singular points such that < era<27r, < o~ h <2ix. 

Now, let a be the representative of the isolated singular points s a +2iri£ or Sb+2iri£. We make 
a double covering space (the Riemann surface) of a neighborhood D of a to make a single-valued 
holomorphic function, and then we take its Laurent expansion. 

Recall generic i^-ordered expression of ^-exponential function e} ihU v+a ^ is written in the form 

z{ - uov+a) _ _ _e ±H{z,u,v) 

By the first comment in § 11.11 a g(z), H(z,u,v) are given on a neighborhood of an isolated 
singular point by using a holomorphic functions h(z), a(z,u,v), b(z,u,v) as 

g(z) = (z-a)h(z), h(a) ^ 0, 

H(z, u, v) = v - - J +b(z, u, v), a(a, u, v) ^ 0, H(z, 0, 0) = 0. 
z—o~ 

Hence, setting z = o~+s 2 , the Laurent series of i — at s = is given by 

1 = = -(h +h lS 2 +h 2 s 4 + ■■■), h ^0, 

without terms of even degree. If hk = for all k > 1, then there is only one singular point s = 0. 
Hence, if g(z) has many zeros, then i — has terms of positive degree. The Laurent series of :et ihU • 
at the singular point a is written as 



( 2 - 21 ) , a_ (2 fc+ 1) ( f 7,K) t L^Jf) 

s 

without terms of even degree, where 



1 /" -2fc (^+s 2 )(-^u°i,+a)_ , „ , 2fc (er+ S 2 )(i U °w+aO_ 



(2.22) x 
2ttz 



c 



S - 2fc - 1 :ei CT+s2){ ^ MOt ' +a ^^=Res s= o(: S - 2fc - 1 ei CT+s2)( ^ u ° 1 ' +a) : K )=0. 



by setting C a small circle with the center at 0. As it is mentioned above, there is nontrivial positive 
terms of even degree, as :et ihU 1 ' \ K has infinitely many singular points. 

The next one the fundamental property of residues given by the integration by parts: 
Proposition 2.7 In a generic ordered expression K which is fixed, the Laurent coefficients a<2k-i){ a i K) 
of -J: +s2)ia+ ^: K satisfy 

2m:(a+U a v): K * K a 2k . 1 (a,K)= [ Is^-^e^^^^ds 



(2.23) iK ~"' K Jcr -ds 



2fc + l f 0(k + l) (cr+S 2 )±rU°V , n 2k+l 

— ^— / s 2{k+1 >:el hh : K ds = -2m^- a 2k+1 (a,K). 
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Calculation on ±-sheets 

Although we use only the case p — 2, it is useful to fix a method to compute the residue at a 
p-branching \yz-) singular point by using p-sheets together with to = e p . 

To treat as a single valued function, we take p-covering z = s p and regard as 

1 



— = {- - 

■&Z S LOS 



preparing p-sheets, and 



1 11 

d{/z = {-ds, — d(us) 
s cos 



1 



Hence computing the contour Jg ^ds is nothing but the calculation J c -^d^pz on each 

slit 




V ° J 




sheet where the existence of slit keeps the integrand single value. But as a result, the integral equals 
formally p J c ±dz = J c \dz. 

z ~— U V 

In the case of e* ih , we have only to use two sheets, and we can apply this method to treat 
several singular points at the same time. The next one gives the periodical properties of residues of 

z ( — — u, o u -|— (y. ) 

♦-exponential functions: Let Res(cx+27ri/c, a, K) be the residue of e* ih at z = a+2nik. 

Lemma 2.2 If a is an integer or a half-integer, then in generic ordered expression, the residue has 
the alternating 2^%-periodicity 

Res(a+2-Kik, a, K) = (-l) k Res(a, a, K). 

Proof is given by showing Res(cr, a, K)+Hes{a+2ni, a, K) = |(Res(<7, a, if)+Res(cr+27ri, a, K)). 

The l.h.s.(resp.r.h.s.) of the vertical dotted line is the region that 

el ihU v is 27rz-periodic (resp. alternating 27ri-periodic). Double circles 
are the paths of integrals 

f e* [a+ ^ uov) dV^, [ e} a+ ^ u ° v) 
Jc 2 Jc 2 

in each sheet. But in fact these are 




dy z—o—2 



Til 



(2.24) 2 / e* lh 'dy/z-a, 2 / e* lh 'dy/z-a-2m. 
Jc Jc 

Sum up all integrals to obtain 

27riRes(<7, a, K)+27iiRes(a-\-27ii, a, K), 

but the alternating 27T2-periodicity of of the integrand on the r.h.s. or 
on the l.h.s. erases the half of the quantity. □ 
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Remark here by minding about slits that the integrals (I2.24p may be replaced by 

z(a+-rgu°v) dz I" z (a+jjrU°v) dz 

6* ; , / 6* 



C 



V ' z—o'' Jc y/z—a—2-iri 



In this way of expressing of integrals, we can consider a wider region beyond neighborhoods of 
singular points. Fix a singular point a and consider a contour integral 

(2.25) / e* lh 'dy/z-a = / e* lh — 

Jc 2 Jc 2 2\Jz-o 

where C is a closed path in C, which may include other singular points inside, and C 2 is the same 
path rounding twice on the same path so that the integrand to be closed. 

Next Theorem together with Cauchy integral theorem shows that the integral (12.251) depends 
only to the prescribed singular point a: 

Theorem 2.2 If a singular point a is fixed, then the integral 

1 / z(a+^rUov) 



(2.26) / eT^ 'd^z^ 



2ni 



over a small circle C centered at an arbitrary point is given by 



„ ( Res(<7, a, K) if a is the inside of C 

° 2 ^0 if a is the outside of C 



On the other hand, if a is not a singular point, then the integral (I2.26P vanishes everywhere. 

Proof The integral vanishes when there is no singular point inside. Let a 1 be another singular point 
inside C. In a neighborhood of cr', the Laurent series of :e^ Q+4fi " V ^: K is given in the form 

a_ 3 a_i 



1 — o H — . +aiV z - cr + 
v ^3^7 3 y/z-a' 



without terms of even degree w.r.t. \J z — a' . By setting s 2 = z — a', we have \Jz—o = \J s 2 +a'—a 
and the integral we have to consider is 

f a_3 sds f a_x sds f sds 
h / — - — === + / . = , + / ais- 



c 



s 3 \/s 2 +cr'-cr Jc s y /s 2 +cr / -a Jc \Js 2 +o'-a 



for the Taylor series of ypq= , — has no term of odd degree. The second statement is proved by 
applying the argument above to the case that o' is a regular point. □ 
It is remarkable that this theorem makes us possible to concern with individual/subjective singular 
point depending on the individual expression parameters. 
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2.3.2 Residues and Laurent coefficients 

Recall the formula (11. 7p 

M 2u °». 2 p a a^p^W ((« t -«- t )(^ 2 +^« 2 )+2A U «) 



:e* 



A 2 -(e*-e-'W 



where A=e*+e *— c(e*— e '). Using this, we compute the Laurent coefficients a2fc-i(er, K), where 

"5 c 



K 



c S' 



and a is a singular point. 



Now, we set 



s 2 = e i +e - t -( c +v / M 7 )(e*-e- t ), s 2 = e t +e- t -(c-VSS')(e t -e- t ) 

so that the singular points are obtained by s 2 = or s 2 = 0. Since 55' 7^ is assumed in general, 
singular points satisfy s 2 = or s 2 = exclusively. One may set s 2 = s 2 (s), s 2 (0) 7^ 0, and similarly 
s 2 = s 2 (s),s 2 (0)^0. 
Hence, 



V55> 

It follows that 2A = s 2 +s 2 . Plugging these we have 

fr> r.r,\ t±2uov 2 / 1 .S 2 S 2 ,, U V ,n\ . 1 U .0 , V > 2 \\ 

(2.27) :«.- :K =_e X p(-(---)( 7 = +7 =)^exp(--(( 7 =)V( 7 =) 2 )). 

Note that the variable s (resp. s) may be viewed as the local coordinate around the singular point 
given by s = (resp. s — 0). It follows that 

Res ne { : +s2) ^ u ° v - =^e^ (( ^ )2+( ^ )2) — V^f— (— +— )) 2fe 
s=0 * 2vrz e s(0)^ fc!A;! W^/F V* ' 

ReSs=o:el CT+s ^ fi2 " U : K is obtained by replacing s(0) by s(0). Explicit formula of Laurent coefficients 
is not easy to write down, but it is clear that there is no term of even degree. 

Secondary residues do not appear If there is a nontrivial term \ in the Laurent series of 
f*(<j+s 2 , u, v ) at a singular point a, then the residue-like integral gives 2nia_ 2 . 

(2.28) a _ 2 (a,K) = ^- [ :f*(a+s 2 ,u,vy. K ds 2 

Am J C 2 

will be called the secondary residue at a, where C 2 is a small circle with center at a round twice. 
We denote this by Res2((7, a, K). The secondary residues are much easier to calculate as we have 

only to use double loops, but the secondary residue does not appear in our case e*^* 4 ~ mU * v \ These 
observation may be summarized as follows: 
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Theorem 2.3 If a singular point a is fixed, then the integral ^ J c2 e z } a+ihU v ^dz on a small circle 
centered at a vanishes always. 

Another word, the secondary residue vanishes identically at any isolated branching singular 
point. 

To define the such an integral at a singular point a, one has to use d(s 2 ) instead of ds in the 
definition fl2T22|) of a k (K), that is, 

s k ~ l :e { r s2) ^ UOV : K d^) = 2 [M^^^ds = 2a_ (fc+1) , 
c Jc 

but the integral may be simply written as J c2 z—a k 1 el ihU v \ K dz\. For k — 1, this integral is much 
easier to treat. But at the singular point a, this must give Ama^iK) and (12. 2 1 [) shows there is no 
term of even degree. 



Proposition 2.8 The integral J c :e l } ihU v+a ^: K dt is obtained as the difference of two different inverses 
of j^u°v+a. In contrast, the residue Res (ex, a) can not be given by such a way. 




a_i(«) 



Proof Suppose Rea > 0. Then the both integrals 
J"° :e} iRW v+a ^: K dt along the path T and P converge to give 
inverses of j^u°v+a. Thee difference is the integral over C. 

If a < 1, then the integral — :e t } inU v+a ^: K dt also gives an 
inverse. Suppose a residue a_i(a) = Res (a, a) is written as 
a difference 

= (^Uov+a)^-(—Uov+a)^. 



Then, we must have ai(a) = (j^u°v+a)*a^i(a) = 0, but a^a) ^ for generic a. □ 
By vanishing of a^ 2 (K), we have no need to care about residue- like quantity in the computation 
of principal values: 

Proposition 2.9 Let Io(K) = (a,b) be the exchanging interval. In generic ordered expressions, 

r 2n , • x i 
vp- / :e* lh : K dr = 2tiw 00 
Jo 

In particular, vp- J^-.ef^^ ihU * V : K dr satisfies the differential equation {^u*v)*f = 0. 
Moreover, if £ is an integer, then the exponential law of the integrand shows 



2n 

vp / .e* . k 

'0 



£ > 

TOToo t = 

oo £ < 0. 



Similarly, taking the growth order into account, we have 



^ . f t < 1 

vp- / :ei " l : K dr = < 2nw m £ = 1 
/o oo i > 1. 
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Let u be a moving singular point which we want to concern. Theorem l2.4l below shows that the 



residues of :e 



at a can be computed by the integral along a fixed big closed path. 



Theorem 2.4 Even though other singular points may lie inside C , the integral 

J C 2 :e z } a+ihU ^ : K dy/z—a on the closed path C 2 gives £xRes(<r, a, K), where £ is the winding number 
of C around a. 

On the other hand, if a is not a singular point, then the integral J c2 :e z } a+ihU v ^: K d\/z—a on the 
closed path C 2 vanishes. 



Proof It is obvious by the Cauchy integral theorem if C does not involve other singular point inside. 

Suppose that C is a simple closed curve. Let <Tj, % = 0,1, ... ,n be singular points inside C, and 

a = a . The proof is given by showing that C 2 is homologically equivalent to C 2 U C\ U • • • U C 2 . 

This is trivial if there is no slit. But, Theorem l2.2l and the next figure for <7j, % 7^ 0, show that the 

same proof is valid. This proves also the second statement. 
1 



It 



t 



slit 




t 



.. 1 



a 



i s l it 



t 



Homological nature in the double cover 



□ 



3 The differential equation j-f a (u,v) = :(jfiU°v+a): K * K f a (u,v) 

In ordinary complex calculus, residues mainly relate to the global nature of Riemann surfaces. In 

contrast, f c2 :e z } a+ihU v ^ : K d\Jz—o~ appears to depend on the position a which moves by the expression 
parameter K. We see indeed the following: 

Theorem 3.1 Suppose C 2 is fixed and the singular point a moves without crossing C , or C is an 
infinitesimally small circle with center at a, and moving together with a. Then 

d I f z(a+-^u*v) . 1 / 1 , f z(a~\--^-u*v) . / 

/ :e * : K dVz-a-t = :{a+—u*v): K * K :e* A : K dy/z-a. 

at J C 2 in J C 2 

Suppose C is any smooth closed curve in the complex plane C avoiding singular points. To 
consider the movement of a singular point a, we use the integral 

R- 2k - X {z, u, v;K) — I :s 2k+2 e { : +s2){a+ ^ UOv) : K ds, k G Z. 
Jc 2 

If z is an independent variable, then integration by parts gives that this must satisfy 
(3.1) d z R-2k-i{z,u,v;K) = \(a+^u°v)\ K * K R~ 2 k-i(z, u, v; K). 
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However, Theorems 12.2} 12.41 show that the integral 

. s 2k+2 e ( z + s2 )( a +JK uov ). ds 

vanishes for all regular points z ^ S^. R_ 2 k-i(z, u, v; K) gives a nontrivial value only when z G 
That is, z cannot be an independent variable in R_ 2 k-i(z, u, v ; K). Summarizing these observation 
we have the following by using (12.221) : 

Theorem 3.2 For every Laurent polynomial ip(s 2 , s~ 2 ), the integral 

SM(z, \ :^s\s- 2 )e { ; +s2){a+ ^ u ° v) -. K ds 

Jc 2 

is supported only on the set {(z, K); zeEjf}, where C is any smooth closed curve in the complex plane 
C avoiding singular points. 

Let & be the totality of K such that is a set of simple singularities. Then, S = {(z, K); zET,^, K 6 
25} is a holomorphic submanifold of codimension 1. Note that <f>[il>](z,K,*,*) is a holomorphic on 
the submanifold S. 

Co-moving differentials Let a be a variable <tGC together with an expression parameter K(a) 
such that cr e Tl K r a y We define 

(3.2) J-f(a, K(a); u, v) = d a f(a, K; u, v)\ K=K{a) = d z (f(a, K(a); u, v))-jK(a)(f) 
where ^K(a)(f) is the infinitesimal intertwiner (cf. (jl.4|) ) given by 

(3.3) f^)(/) = f £^^<W, (u,v) = (u\u 2 ) 

for every ffo/(C 2 )-valued function/ (a, K; *, *). Intuitively, this may be written as 

(3.4) f(a+5,K(a+6) ]Ul v) = I«$ 5) (:ef ^^-.^ * K( J(a, K(a); u, v)) , 
where 5 is an infinitesimal. (<r, K, u, v ) given in Theorem l3.2l satisfies 

J-^[ij;}(a,K,u,v) = :(a+^u°v): K[a) * K{ir) $[il}]((T,K,u,v). 
This is proved as follows: 



f V< S . S - 1 )lmji(:ei" + ' +,,)( ° + *""" , -eS" + * a,( ' >+ *"-" , : KlB) )d s 



:(a+— / jp( s ,s x )ei !ft ^: X{<T) . 
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Since every Laurent coefficients of :e} z+ihU v ' K u\ is obtained by this integral, we see in particular, 

for every a, the coefficient a2k-i(&, K(a)) of Laurent series a singular point 

a satisfies the equation 

(3.5) da^* 7 ' K(y(T " >; U " ^ = ■( a+ ~f L UoV )'-K* K f{ z i u > v )- 

Star-product integrals Viewing (13. 5p as a differential equation, we can make the solution by the 
product integrals, if one can expect the convergence. 

Let a(t) be a piecewise smooth curve in C for < t < 1. We assume that the expression parameter 
K moves together with cr and we suppose a(t) G TiK(a(t))- F° r a division 

A; = to<h<t 2 <- ■ -<t n = 1 

of [0,1], we first define the product integral V&(a{t)) inductively by setting 

V A (a(0)) = f(a(0),K a{o) ,u,v) 

and 

TaW)) = I«$?\(:e { : (t) - a{ ^ a, < t<a(t i+1 ) 

where I^Ca) ls ^ ne intertwiner defined by (jl.2p (cf. also (II .4p ). Note that V&(cr{t)) is computed 
under a A'(cr(t)-expression. 

We say that the product integral converges, if by setting |A| = max{|tj— the limit Vd(cr(t)) = 
lim|A|^o'^ , A(o"(i)) exists. It is not hard that if the product integral converges then it satisfies 

fo V d{v{t)) = ^(t):(a+^uov): Kia{t)) * Kia(t)) V d (a(t)), V d (0) = /(tr(0), K a(fS) , u, v). 

Note that 4rf(z(t)) = ^( z (t))^p- f° r every holomorphic function f(z). The above identity shows 
that dVc j^ is well-defined and 

da 

(3.6) ~^( a ^ = : ( a +-^ UoV )'-K(a(t))*K(a(t))Vd(a(t)), V d (a(0)) = f(a(0), K a{0) , u, v). 

It is remarkable that even if the starting point er(0) and the ending point er(l) are fixed, the 
product integral may depend on the path a(t) from cr(0) to cr(l). There is no general rule to select 
a specific path from <r(0) to cr(l). The natural variational problem degenerates. 

Note that ^Pdi.&if)) is different from an ordinary differentiation. This is given as 

Hence it is better to write (13. 6 p in the form 
V 1 

(3.7) fo' Pd ( cr ( t " = '■( a +-f i UoV )'-K{v{t))*K{v(t))'Pd{v{t)), V d (a(0)) = f(a(0),K a{0) ,u,v). 
The next one is fundamental 
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T-> * j * n t l-i I r\ n (a+S 2 )(a+jjrU°v) „ 

Proposition 3.1 tor every s f U, then :e* : KW satisfies 



V ( a +s 2 )(a+-k;U°v) , 1 \ (a+s 2 )(a+^-u°v) 

— :e\ lh ': K . = :{a+—u°v): K . * K . -el lh 

Proof This is computed as follows: 

1 / (a+t+s 2 )(a+±u°v) (<T+s 2 )(a+JjrUov) 

= lim- :e* lh • . — :e* !R • , 

= uo^: K(CT) * K(CT) :e* 

Parallel functions Viewing V the notion of co-moving derivative, we extend ( 13. 2p as the covari- 
ant/comoving differentiation not only for f(a, K(a)\ u, v), but also for functions f(a, K(a)) without 
u, v by 

WJ(a,K(a)) = dJ(a,K)\ K=K{a) . 

Let (aij(a)) be a matrix such that ^ ■ aij(a)K l:i (a) = 0. Then f(a,K) = f a £\ j dij(T)drK^ is a 
parallel function. 

Given K(a), parallel functions forms a commutative algebra. We call these parallel functions on 
K = K(a) and denote this by V[K{a)\. 

3.1 Co-moving expression parameters 

Now consider a general expression parameter K — ^ ^ , and set u°v = ~(u*v+v*u). 

In this section we use the variable t instead of a, and we think of the expression parameter K as 
moving together with the parameter t, indicating a specified singular point. Given t, we choose K(t) 
so that t G ^K(t), but different from the case of one variable, we have a lot of choices of K(t). Recall 

that Sim) is the singular set of :e* ift " 1 ' -K(t)- 111 what follows, we think of 5, 5' and c as functions of 
t. Under this notation, the infinitesimal intertwiner is given by 

(3.8) = ^(5(t)dl+2c(t)d u d v +5'(t)d^ 

where a = 4a(i). 

As t G t must satisfy 

(3.9) (e i / 2 +e-*/ 2 -c(t)(e i / 2 -e-*/ 2 )) 2 - (e^-e^ 2 ) 2 ^)^) = 
by (II. 7p . By this c(i), S(t)5'(t) must be singular at t = and we have 

(3.10) c{t) = ±^WWW) + pt/2 _ t/2 , t^O. 
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On the other hand, noting that '-jfU°v : K =^uv+\c ) the i^-ordered product of :{j^u°v+a): K * K f {u,v) 
is written precisely as 

c 1 

(-+a+—uv)f(u, v)+((c+l)u+6v)d u f(u, v)+(6'u+(c-l)v)d v f(u, v) 
(3.11) 2 f 

+- (S(c+l)d 2 J(u, v ) + (S5'+c 2 -l)d u d v f(u, v)+S'(c-l)d 2 J(u, v)) . 



By (13. lip the r.h.s. of the equation (I3.5P is rewritten as 
(3.12) 



^f(a,u,v,K(a)) = (^a+c/2+^uv)+((c+l)u+8v)d u f+(5'u+(c-l)v)d v 



+ ^(5( C +l)^+(W / + C 2 -l)^ ) +5^c-l)^))/(a !M , W ,K(a)). 



Note also that ci2fc+i(cr, K) satisfies also 

V 1 

— a2 k+1 (a,K(a)) = a 2 k+i((r,K(a))* K ( a y.(a+—u°v): K ( <T ). 

The equation for this is slightly changed as follows: 

^-f{a,u,v,K(a)) = ((a+c/2+^-uv)+({c-l)u+5v)d u f+(5'u+(c+l)v)d v 

(3.13) da V lh 

+j(5(c-l)dlH55'+c 2 -l)d u d v +S'(c+l)d 2 v ))f(a,u,v,K(a)). 

The difference of solutions of these two equations must satisfies in particular the equation 

[—Uov,f(a,u,v,K(a))l K ^ =0. 
This is a differential equation of order 2 in general: 

(3.14) [-uov,f(a,u,v,K(a))l K(a) = (( u d u -vd v ) + -(5d 2 -5'd 2 ))f(a,u,v,K(cr)) = 0. 

To eliminate the quadratic terms in the second line of (I3.12p by the infinitesimal intertwiner, we set 



±5 = 

<it u 


S(c+1) 


dt u 


-6>(c-l) 




-\{55'+c 2 -l) 



Setting £(t) = Jqc(s)(1s, we have 

(3.15) 5(t) = ae-^-\ 5'(t) = a'e~^\ ^(t) = ^ ~\(f/ +\ 
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where a, a' are arbitrary constants. Before solving this, we confirm that these are consistent with 
(|3.10p . Plugging the first two equality to (13. 10p . we have 



(3.16) 

Differentiating this to obtain 



e t/2 +e -t/2 



dt V \t/2_ e -t/2 



d 2 ^ 
dt 2 



-aa 



aa e 



e t/2_ e -t/2 + dt { e t/2_ e -t/2j- 



This is the third equation of (13.151) . Note that setting v — the third equation of (13.15]) is 
equivalent with 



dt 



[v+Vaa/e ^) 



2 2 



It follows v+Vaafe f = * t/2+ °_ t/2 . 



t/2_ p -t/2 

We have only to solve (I3.16p . By setting r)(t) = (I3.16P gives 

dr](t) 



n(t) 



e t/2 +e -t/2 



± v aa' 



dt e t/2_ e -t/2 

For simplicity, choose the plus sign yaal. Solving this, we have 



(3.17) 



V(t) = ( 7 -^)e*+(7+^)e-*-2 7 , 7 G C. 



Hence using rj (t) = we have 



(3.18) 



'<*(*) = ae~'r/(t)- 1 = ae"*®"* 
£'(*) = a'e^ty 1 = a'e-^ +t 

c(*) = i log = iew 



where a, a' and 7 are arbitrarily chosen. 

To simplify the solution, we set ' 
restricting the domain t in Ret > 0. 



To simplify the solution, we set 7 = 0, a = a' = 1 and set in what follows rj(t) = —j(e t —e *) by 



Theorem 3.3 5y choosing a suitable path K(t), equation (13. 5p torns out to fre a differential equation 
of order one 

c 1 \ 

Mw)+((c+l)M+^)9„+(5 / M+(c-l)t;)^J/(t, #(i);u,v). 



dtf(t,K(t);u,v) = 
Changing variables x = -^u, U = an d setting 



Cit) = («+#), 



"c(t)+l 


*'(*) " 




"0 1" 




c(t)-l 




1 



(K(t)+J), 
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gives the equivalent equation 



(3.19) 

As we set rj(t) 



d t - (x,y)L(t) 



f(t,K(t);x,y) = (xy+C(t))f(t,K(t);x,y). 



C(t) = a+- 



1 e*+e 



2e*-e" 



L(t) 



l-e- 2 * 
A -1 



: l-e 2 * 
2 



: l_ e -2t !_ e 2t j 



To solve f)3.19p . we set ip\{t)= f x ^l^ ds for every positive A. Easily, f x jz^pzzds=t— \+ip\(t), 
and if t is real then 

0-A+V>aO))^aO) > 0, and > 0, (t ^ A). 
Choosing different positive real numbers A and fi, we set 



L(t) 



Then, we see 4;L(t) = L(t) and detL(t) is positive definite on t > 0. 
Letting g(t, x, y)=f (t, (x, y)L(t)) , we see 

jg{t, x, y) = (xy+C(t))g(t, x, y), hence g(t, x, y) = e txy+c ®G(x, y) 

where C(t) = log(e Qi (e'— e~ l ) and G(x,y) is an arbitrary holomorphic function. Viewing <p t = L~ l (t) : 
C 2 — > C 2 as a linear diffeomorphism, f(t, x, y) is obtained by the pull-back of g(t, x, y): 

f(t,x,y)^<j>;{e^ +d ^G(x,y)). 
Since :ei* +s ^ Q+tt " v ^: r ^ satisfies this equation, 



■K{t) 



■K(t) 



= ( p* t (e t ^ uv+d ^G(u,v)). 
For adjusting the initial data, setting t = —s 2 , we see 

1 = 0*_ s2 (e- s2 ^™ + ^- s2) G(M,^) 

1 = L(-s 2 )(l) = e- s2 ^ uv+d{ - s2) G( Uj v) 
It follows that G(u,v) = e s2 ^ uv ~^(~ s2 \ Plugging this we have 



This may be written as 



(t+S 2 )(Q+^UO^)_ 

■ 6% 



K(t) 



r/(-s 2 ) 



0*(e ( * +s2)( ^™ +a) ) 



If we give an attention to a movement of specific singular point and use a suit- 
able expression parameter moving together with the singular point, then the 
*-exponential function looks as if it were a classical function e^ t+s >(m uv+a > . 
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4 Matrix elements in generic ordered expressions 

So far, we are concerned with individual/ subjective singular point. This depends on the individual 
expression parameters. However, there are a lot of mathematical facts which can be stated without 
specifying the expression parameters. Such one may be viewed as "objective" object that is commonly 
accepted by many observers. That is, we are thinking that the "objective" object is nothing but 
objects which almost all expression parameters accept. In this section, we discuss such common 
objects. 

First of all, we note several identities that ensure the associativity: 
Lemma 4.1 Ifp^O, then w q*(u p *1aJo )=0, and (zu 00 *v p )*zcr o=0. 

Proof By taking the formal power series expansion with respect to ih for el u * v , the formal associa- 
tivity theorem (cf.[UJ) together with the bumping identity gives the following: 

e su * v * (u p *e tu * v ) = (e su * v *u p ) ^e tu * v =u p *e^ s+t ^ u * v+ihps 

The right hand side of the above equality is continuous in s,t. In particular, 

limet u * v *(u p *e{ u * v )=el u * v *lim(u p *el u * v ). 

t—ta t— >a 

Using the bumping identity, we have 

et u * v *(u p * lim el u * v )=et u * v * lim u p *el u * v = lim u p *e { : +t)u * v+ihps 

t— >— oo t— >— oo t— >— oo 

=u p * lim ei s+t)u * v+ihps =u p e ihps *w 00 . 

t— >— oo 

It follows that 

zu 00 *(u p *vj 00 )= lim e* <ft "*"*( lim u p *el ihU * v )= lim u p e ps *w 00 =0. 

s— >— oo t— >— oo s— >— oo 

Similarly, we also have (zuoo*v p )*zuoo=0. 

These are proved also by using the integral expressions. 

r ( s + it )jK u * v jj. p {s+iT)jfrU*v p f 2w (s+it)(i«*v+p) f 2lT (s+ir)±-u*v 

e* dt*u p * / e* get = u p * / e* at* e* dr 

Jo Jo Jo 

?* e( s+it K { : +U) * u * v dt* e ( : +lT) ^ u * v dr=u p J / e^ p e? s+U+lT) ^ u * v dtdr. 
Jo Jo Jo Jo 

Thus, the changing variables gives that this vanishes by f Q e {s+it)p dt = 0. □ 
Lemma 4.2 For every polynomial f(u, v)= ^2 CLijU 1 ^ , 

zu 00 *(f(u, v)*m oo )=f(0, 0)zu 00 =(w o*f(u, v))*w 00 . 
Consequently, associativity holds for wqq* f(u, v)*ujqq for a polynomial f(u, v). 
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By the formal associativity theorem (cf.[TTJ), we have easily 



e 



su * v *v q )*(u p *e^* v )=eT* v *(v q *u p *e^ * l ')= e ^ m ei s+t)u * v *v q *u p for q > p, t 



(eT* v *v q )*(u p *e^* v )=eT* v *(v q *u p ^ for q < p. 

Replacing s, t by -^s, -kt and taking lim^.oo, lim^.oo for the case p > q,q > p respectively, we have 

(4.1) (w m *v q )*(u p *w m )=5 PA p\{ih) p =w m *{v q *u p *w 
Since w 00 *v q *u p *zuoo=5 p ^p\(ih) p zuo , we have the following: 

Proposition 4.1 In generic ordered expressions, E pq = — - f = = =u p *Wqq*v q is the (p,q) -matrix 

element, that is E P)q *E r>s = 5 qtr E P)S . The K-expression :E PA : K of E p>q will be denoted by E Ptq (K). 
Note that E 0t0 (K)=:izr 00 : K . 

Similar calculation caring the ± sign shows also 

Proposition 4.2 E M = —^^===v p *Woo*u q is the (p,q) -matrix element in generic ordered expres- 
sions. The K-expression of E pA will be denoted by E Ptq (K). Note that Eq (K)=:wqq: K . 

Proposition l2.2l gives 

(4.2) E p>q *E r>s = = E r ,s*E p , q . 

By a similar computation, we can consider the idempotent element ^*(0)=^_/ 2, el* * B " ^ dt in 
Theorem l2.ll called pseudo-vacuum. We first recall some formulas which will be used below. The 
bumping identity gives 

1 13 

v*(v*u)*u = v*(u°v-\ — ih)*u = (u°v+-ih)*(u°v+-ih). 

2 2 2 

Repeating this we see that 

1 „ „ , 1 1, , 1 3, A 2n-l, 



-v n *u n =(—u°v+ — )*(—u°v-\ — )* ■ • • *(— u°v+ 



„s (ih) n ih 2 ih 2 ih * 

^ ' ' 11 1 1 

=(tt v*u)*(— v*u+1)* ■ ■ • *(— v *u+n— 1) = {— v*u}* n , 
in in in in 

where {A}^ = A*(A+1)* ■ ■ • *(A+n—l), {A}* = 1. Next formulas are very useful in our computa- 
tions 111 

{—u*v}* n *u = u*{— u«+l}, n , {-ru*v}* n *v = v*{— u*v-l} m . 
in in in in 

Note that the identity (u°v)*m*(Q) = gives 
(4.4) (—u*v+£)*w*(0) = (—u°v+l--)*w,{0) = {£--)w^). 

% lb % W —i —i 
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It follows that 

vjM<^) n u n *v n *vjM =(l/2) n G7*(0) 
in 

w*(0)*(^)V n *w n *ro*(0) =(l/2)_„t37*(0), 
in 

where (a) n = a(a+l) ■ ■ • (a+n— 1), (a) = 1 and (a)_ n = (a— l)(a— 2) • • • (a— n). If we use the 
convention (I2.18p . then this is written by 

(4.5) ^(0)*(^) n C n *C n *^*(0) = (\)n^*(0), neZ, 
where ( n , ( n are given by (I2.18p . 

Lemma 4.3 If K^&q, then :e*^ iR " V ^: K is 2n -periodic and 

D k/ (K) = 1 = C fc *:^(0): y < £ , :^(0): A . = ^ / :ef ^ dt: K dt 

are matrix elements for every kJeZ. Note that D n>n (K)=± :e* (iftU °" n) : K dt. 

Proof Different from the ordinary vacuum or bar-vacuum, we see u*Wt,(0)j^0, v*m*(0)^0. But note 
that the bumping identity gives 

(4.6) u n *e** h =e*' h '*u n , v n *e** h =e*' h '*v n . 
Moreover, if k^£, then the exponential law and the change of variables gives 



*' h 'ds* e* A 'dt= e lt{kt) dtl e*' h 'ds=0, 
o Jo Jo Jo 

and 



271 Jq 27T Jo 27T 

Theorem l2.ll ( I2.16P and (I2.19P show that the ^-product P(u, v )*zu*(0)*Q(u, v) by any polynomials 
P(u,v), Q{u,v) is reduced to the shape 0*^(0)*-^ where 0, ip are polynomials of single variable u 
or v. 

Using the above formula, (14.51) . (14.61) . we have the desired result. □ 

re 1 r27r is(-^:U°v— n) , „ , T , x . . „ it\u°v . 

Since j- J :e* : x as = D ntn (K), the rouner expansion of e* is written as 

(4.7) ^ uav : K = ^Yl f* '^^Kdse^Y, ^*)**, Ke^. 
Hence we see by the exponential law for every a, the Fourier series 

(4.8) :e^ u ° v+a) : K = J2DnAK)e^ +a \ Ke& 

converges uniformlyly in C°°(S 1 , Hol(C 2 )), the C°°-topology of the space of ffo/(C 2 )-valued smooth 
functions on S 1 . 
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4.1 Matrix representations 

Now back to the case zuoo, we note that one can set w=e t in the l.h.s. of ( II. 7p . As u*v = u°v—^ih, 
Proposition 12.11 gives the convergence 



\ogw-^2u*v log 04-2m*i> 

hm:e* rh : = :e* lh : K =:w 00 : K . 
Hence, we get a holomorphic function of w defined on an open neighborhood of w = 0. 

r I \ log W-^U*V 

f K (w) = :e* g * h : K . 

Using the bumping identity, we have 

n I (log 11)) \u*V —tr\ t\u*V .. 1 t(JrU*V— 1) 1 

cy n e* l/i = hm e o t e* = am — it*we* = lim — u*e* ,n *v. 

IU t— >— oo t— > — oo if\ t— >— oo 

Repeating this procedure, we have the following remarkable formulas: 
(4-9) h^nkf^^- 

The convergence of Taylor series gives f K (w) —^jf^ 1 ' (0) . These are in (n, n)-matrix elements, denoted 
by :E n>n : K . It follows in generic ordered expressions, 



OO , — , 

n=0 ' n=0 ' n>0 

on a neighborhood of w = depending on the expression parameter K. In what follows we use 
notations 

(4.10) : -^— u n *w 00 *v n : K = :E n>n : K = E n , n (K). 

In particular, 

'■Eo$: K = E q(K) = :w o: K 
Here we apply the following general fact: 

Lemma 4.4 If f(z) is a holomorphic mapping from a complex open disk D(R) of radius R centered 
at into a Frechet space over C, then the Taylor series of f(z) at z=0 converges uniformly on any 
closed disk of radius r, < r < R. 

Proposition 4.3 If the singular points of :e* iB : K lies on the open right half plane, then we have 
in the space Hol(C 2 ) 

oo oo 

l=Y,-E n ,n. K , :e/* u * v : K = ^ e nr :E n , n . K , (Rer < 0). 

n=0 n=0 

Since -ku*v = u°v— \, the second equality may be written as 

oo 



:e l^ :K = J-e^E n , n (K), (Rer<0). 



n=0 
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Similarly, set w = e* in the l.h.s. of (II. 7p by noting v*u = u°v+^ih. Proposition 12.11 gives the 
convergence 



V logw±2v*u 

hm :e* lh : K 

W^TOO 



which we called a bar- vacuum and denoted by wqq. Hence we get a holomorphic function of 
w = w" 1 defined on a neighborhood of w = depending on K. Set as follows: 



g K {w) = :e* : K 



Using the bumping identity, we have 



Ow e* !ft = — hm e c^e* = — hm — v*u*e* lh = — hm — v*e* !ft *w. 

u t— >oo t— >oo %fl t— >oo %fl 

Repeating this procedure, we have the following remarkable formulas: 

i {—\\ n 

It follows in generic ordered expression 

OO / 



-logto|™ ( ( — 1)™ 

6* 



n=0 



Theorem 4.1 Lei L(K) = [a,b] be the exchanging interval. Then the radius of convergence of the 
Taylor series in the Frechet space Hol(C 2 ) of 



)w'\ w=w ) 



is e a (resp. e~ b ). If K^8. + (resp. &-), then the radius of convergence is bigger than 1. 
Proposition 4.4 In the K-ordered expression for K£& + , we have 

OO OO 

l=XXnW, :e? M \^e^)%(if), (Re r < 0). 

n=0 n=0 

The former converges in the space Hol(C 2 ). If Her < 0, the latter converges uniformly on every 
compact subset w.r.t. r. Similarly, if ifG^_, then 



OO OO 



M uov+x ^. 

n=0 n=0 



l=Y,En^K), :eF {u ° V+X) : K =J2e T{ - n -^ +rX E n An (Re r > 0). 



The former converges in the space Hol(C 2 ). If Her > 0, the latter converges uniformly on every 
compact subset w.r.t. r. 
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Note that the conditions Ke& + and Re r < are used only to ensure that Yl^=o En,n(K) an d 
£ e< n+ J +TX E n , n {K) in the r.h.s. converge in the topology of Hol(C 2 ). However, each term of 
^2^=o eT ^ n+ ^ +TX E n ,n(K) is an entire function of r, although :el ihU V+tX ' k may be singular at some 
t=t . Singular point t=t means simply that Yl^=o e T0 ^ n+ ^ +T ° x E n n (K) diverges in the topology of 
Hol(C 2 ). 

Note that without conditions such as K G &+ and Re t < 0, :e* ih : K is holomorphic on a 
neighborhood of w — 0. Hence setting e=/ fi *e* in by choosing c sufficiently large, the Taylor 
series e[ z c ' )ihU * v = ^2 n>0 e^ z ~ c ^ n+ ^E n:n of e* 2 c ^ fiU! ™ at w = converges in Hol(C 2 ). Hence, applying 

e* , we have 

n>0 

Although el if,u * v * of r.h.s. is not continuous in Hol(C 2 ), the componentwise computation of matrices 
may be applied to yield 

n>0 n>0 

as -ku*v * E n<ri = nE n!n gives e* iTl *E n ^ n = e cn E nin . We denote this by 
(4-12) :e:^: BWmat = E e2(n+ ^^W- 

n>0 

Similarly, we have 

n>0 n>0 

and this is denoted by 

n>0 

4.1.1 Representations by Laurent expansions 

If a < Re z < b, then setting w = e z in (11.71) . Laurent expansion of :eI° s? " iftU V \ K by w gives that 

oo 

(4.14) :e z ^ uov) : K = DeA K ) e**, a < Rez < 6 

^=-oo 

and the r.h.s. converges in Hol(C 2 ). Note that 

A^JO = ^ P :e? +it)( * UOu) : K e-( s+ ^cZt, a < s < b. 
2tt Jo 

Cauchy's integral theorem shows that D niU (K) is independent of s whenever s G h{K). 

In particular, if a < < b, we see that D n ^ n (K)=D n>n (K) the (n, n) diagonal matrix element 
given in Lemma l4~3l Hence 
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Proposition 4.5 If K E &o> then D n>n (K) is an (n,n) diagonal matrix element and for r such that 
a < Re r < b, 

oo 



•K 

n = — oo 



and the r.h.s. converges in Hol(C 2 ). In particular, 1= Yl^L-oo D n , n {K). 

Although D n%n (K)* K D U}n (K) is not defined in general, we show in what follows that D n ^ n (K) may 
be viewed as a diagonal matrix element. 
Note now 

\(u°v)* f V e[ s+lT) ^ uov e-^ n dr = n t ' ei^^V^^r. 
™ Jo J 

It follows that :e* ih : K * K D n>n (K) = e- ns D n , n {K). Hence one may write 

i 00 

n=—oo 

though r.h.s. does not converge in Hol(C 2 ). To avoid the confusion, we denote this by 

oo 

(4-15) ■■^ UOV : D(K)mat - £ D n , n (K)j 



Ant 



and regard this as a formal element. We see that D n ^ n (K)=^ j Q 27T :e % l ihU V '- D , K)mat e ltn dt. Suppose 
the exponential law holds formally on the l.h.s., then one must set 

Dm,m \K) *matDn,n (-^0 = 0~m,nDn,n (K) 

where * m at indicates the formal product which allows the formal exponential low. By this observation, 
we define \e % * ihU V '- D(K)mat as a diagonal matrix, and D n ^ n (K) as a diagonal matrix element. 

By (j4.12|) . f )4.13p and f!4.15p . e* ih is expressed as diagonal matrices, which will be called diag- 
onal matrix expressions. 

4.1.2 Fourier series of alternating 27r-periodic functions 

Beside these, we note that the matrix representation via Taylor expansion in the previous section 
can be obtained by using the Fourier expansion along a closed curve parallel to the pure imaginary 
axis (cf.(J23D). 

Every 47r-periodic function f{6) is written as the sum of a 27r-periodic and a alternating 2n- 
periodic functions: 

f(P) = M0)+f-(0), /o(0)=^(/(0)+/(0+27r)), /_(0)=i(/(0)-/(0+2*r)). 



3(3 



The Fourier series of f(9) is given as 

1 /*47T 

/W=E r f(t)e-^ nt dte^ e 

n ^° 



As the periodicity of :e* ih w.r.t. t depends on s, we have to use Fourier basis depending on 
s. Hence we have 

Theorem 4.2 e [ s+tt ^ ihU v+z ^ i s expressed by diagonal matrices 

:el S+it)( ^ + \ w _ = EZoE k AK)e^^\ zeC 

^ s + it )(jE u ° v + z ) . 

"E{K)ma 



where Ek y k{K), Ek,k(K) equal to the ones given by (14.10p . (14. lip . Lei L(K) = [a, b] be the exchanging 
interval in generic ordered expression K . Then, these converge for s < a, a < s < b and b < s 
respectively in C°°(5' 1 , Hol(C 2 )) (Hol(C 2 ) -valued smooth functions on S 1 with C°° -topology) . 

For every Schwartz distribution f(t) on S 1 , the integral 

:f s (z+—uov): K = I f(t):ei s+ttKz+TKU ° v) : K dt, for generic K 
in J s i 

gives an element of Hol(C 2 ). f s (z+j^u°v) has a diagonal matrix expression as follow: 
■■fs(z+t- h uov): E(K)mat = E^o J* f(t)e^+^dtE n , n (K), 
■■Uz+l h u v): D{K)mat = EZ-oo U f(t)e^(^dtD n>n (K), 

The series of r.h.s. converge respectively s < a, a < s < b, b < s in the space Hol(C 2 ), where 

(a,b)=I (K) is the exchanging interval of :el ihU V \ K . 

More systematic treatment of the diagonal matrix expressions will be given in the next paper 

4.2 Diagonal matrix expressions and applications 



Note that in Theorem l4.2l one may set s — 0, when 0<a, a<0<b and b < respectively. Thus, 
by differentiating fc-times and by setting s+it=0 in each case, an element such as (z-\-jrU°v)^, k > 0, 
has three expressions as diagonal matrices in the space Hol(C 2 ): 

En=o(z+n+l) k E n , n (K), Ke& + 

(4.16) :( Z+ -Lot;)^=J En=-oc( Z + n ) kD n,n( K )> K E ft 



ih 
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depending on expression parameters. As it is noted, each of them converges in Hol(C 2 ). 

Consider now the componentwise calculation for r.h.s.. We define matrices for every k G Z by 

(4.17) ••(z+^O^.Kma^ { ^-oo^f D n>n (K) , K £ &q 

E: =0 ( 2 -n-i)^,n(if), Ke^ 



but we often omit the suffix K if the expression parameter is not strictly specified and denote simply 
by by (z+^uov)^^. The goal of this section is the following theorem: 

Theorem 4.3 If k — — 1, the r.h.s. of (14. 17ft defines respectively a holomorphic mapping as follows: 

(1) If KeR+, thenY^ = Q{z+n+^)~ l E n ^ n {K) is a holomorphic mapping of 'C\{— (N+|)} into Hol(C 2 ) , 

(2) If KeRq, then ^Y^ = _ 00 {z+n)~ 1 D ritn {K) is a holomorphic mapping o/C\Z into Hol(C 2 ), 

(3) If K&&_, then 'Y^ =0 {z—n—^)~ 1 E ri)n (K) is a holomorphic mapping o/C\{N+|} into Hol(C 2 ). 



Now suppose K e &+. Theorem^ gives :el {z+ lhU ° v) : K = J2 k >o E k>k (K)e^ z+k+ ^ . If Rez>-±, 



s(z-\--^u°v) 

gives :r 

then the termwise integration gives 

"0 oo „o 



:e^ u ° v) : K ds=J2 / E k , k (K)e<^ds= £ E Kk (K)(z+k+^ 

■CO i._r> J — OO ,. n ^ 



fc=0 " fc=0 



As it is assumed in generic ordered expression, e* ih has no singular point on sGM, and e~2 |s| -growth 
in a generic ordered expression. 

To extend this to the domain Rez>— n— |, we subtract first divergent terms 



n-l 

s(z+k+±) _ .X Z +TK U ° V ). 



k>n k=0 

and set on the domain Re z>—n—^ 



2 

n-l 



E(z+fc+-)- 1 J E M (K) = J2(z+k+-y 1 E k , k (K)+ / (]T £ fcifc (Ar)e s < z+fc+ *>)ds 

k=0 k=0 fc>n 

The r.h.s. converges in Hol(C 2 ) in the sense of partial fractions for Rez>— n— | 

/ (£ E k)k {K)e< z+k+ ^)ds= E^K^z+k+^y 1 

J —CO ts. i.v ^ 2 



under the assumption K e & + . Hence we have (1) of Theorem l4.3l A similar proof gives (3) of 
Theorem l4.3[ 

For (2) of Theorem l4.3l we show the next one: 
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Proposition 4.6 If K G Rq, then 

1 °° 1 

in z+n 



n=— 00 



defines a holomorphic mapping from z G C\Z mto Hol(C 2 ), and this gives an inverse of z+j^u°v i.e. 

:(z+—u°v): K * K D] < 1 (z+—u°v) = 1, z G C\Z. 

Proof Note that D niH (K), (z+n)D n , n (K), ^D n , n (K) G Hol{C 2 ) for every n. For every ^gC, 
there is an integer n(z) such that n(z) — 1 < Re 2; < n(z)+l. (This may not be unique.) 

As e * (z+ ^ uou) = T,n et(z+n)D n,n( K ) in the topology of Hol(C 2 ), we set as follows 



n<n(z) — l n(z) — Kn<n(z)+l n>n(z)+l 



These three terms are members of Hol(C 2 ). 

Consider inverses of each three term of the r.h.s.. The inverses of the first and the third term can 
be replaced by using integrals. Hence D] < 1 (z+jj:U°v ) is written as follows: 

Y,e t{z+n) dtD n , n (K)+ ^+n)- 1 D n!n (K)+ / ^ e^D n , n {K). 

- n<n(z)-l n(z)-Kn<n(z)+l °°n>n(z)+l 

By Theorem l4.2[ this converges in Hol(C 2 ) to give Yl^=-oo z+^-D n ,n(K)- 1=1 
By the definition, we see 

Proposition 4.7 Res((D~ 1 (z+j R uov); n) = D n ^ n (K), n G Z. 



Note for (1) and (3). Besides the concrete form of inverses, next two integrals 

(z+—u°v) + l=J e," A Us (Rez>-~), 

(z+— uov) l=- / e* lh 'ds (Rez<-). 

converges in generic ordered expression on each domain, and these give inverses of z+^u°v respec- 
tively. In the next section we give analytic continuations of these. 

4.2.1 Analytic continuation of inverses 

Using the half-inverse v° given by f)2.14p . we can give the analytic continuation of inverses. First, we 
see that 
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Hence v°*(z+^ku°v)^ + *v is well-defined, if z^\. More directly we have 



v *(z+—u*v)J:=[u* I e* lB 2 'dt)*l e* lft 'ds=u* I / e* lft 2 '*e* 1,1 ; cjMs 



00 »/ — 00 j —00 j —00 

/-O 



00 —00 



Furthermore, if (z— l+4r-u°t> )„ + is already defined, then we continue to compute as follows: 

t i+„_( t+s ) (t+s)^^ 



e t 3 +.*-it+*j e v-r-y w - *udtds. 
Hence, we have the identity whenever both sides are defined: 

(v°*(z+^u*v)-})*v= [° [ e-^ + < z -Ve { * +s) ^ u °\{u*v)dtds 



J —00 >/ — 00 
/>0 



/u 1 [* / 1 \ 1 

/ x t-=rU*V ,, / S(Z— . . . 1 ,1 

(it*?;)*e* , ' i dt* / e* A ' ds={l-w m )*(z-l+—u°v)^l. 
■00 J—oo 



Noting that 

ro 00 *(z-l+— Uou)-^=(^-l+— u°t;);_ | 1 ;*Woo=(z--;r 1 



whenever (z— l+iitoi;)^ is defined, we have 

(4.18) {v\{z+—u*v)-l)*v+{z--)- 1 w o = ( z -l+— UaV )~*. 

Since (z— |) _1 rooo is defined for z^l/2, we see that (I4.18p gives the formula for analytic continuation. 
Namely, replacing z by z+1, we define the r.h.s. by the l.h.s. 

1 1 1 1 3 

(v°*(z+l+— u°v)~l)*v+(z+-)- 1 zu 00 = (z+—uov)^ + , Rez > --. 



Repeating this, we have the following formula: For Rez > — (n+|), 

1 n_1 1 1 

(z+—u°v)~ + = ^(z+k+-)- 1 (v o ) k *w 00 *v k +(v°) n *(z+n+—uov)~l*v n , 

( 4 - 19 ) 

(z-— = - z+AH — )~ 1 (n*) fc *ti7oo*u fc -(u*)' 1 *( - z+n-—u°v)~_*u n . 

fc=0 

By using ( 12.1 5p these may be written for z such as Rez > —n—-^ 

n-l 
fc=0 

1 n_1 1 1 

(z-—u*v)~* = J2(z-k--)- 1 E k!k +(u) n *(z-n--Uov);_*u n . 

k=0 
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(See also a comment after Proposition ^. 51 ) 

Note that if z=z is fixed then for a sufficiently large n, (v °) n *{z+n+^u<>v} *v n is holomorphic 
on a neighborhood of Zq. 

The residue at a singular point Zq is given as usual by ^ f c ( z +jfiU°v)*±dz, where C ZQ is a small 
circle with the center at z . The analytic continuation formula ( I4.19P gives the following: 

Theorem 4.4 Rjes((z+^u°v )~+, — pry^jM n *cc 00 *t> n in generic ordered expressions. This 

is E ntn by gUDD. 

Similarly, Res((z— )i"-> ~~ ( n +|)) ~ (a)"^ "*^ 00 *^" ^ n 9 ener "^ c ordered expressions. This 
is -E n>n (c/.gHD). 

It is remarkable that the singular points depend only on the growth order of e* ihU v which is inde- 
pendent of the expression parameters. 

Since = — (— z— ^u°v) _, Theorem l4.4l shows also 

Theorem 4.5 In generic ordered expressions, the inverses (z+j^u°v)~+, (z—^u°v)~} extend to Hol(C 2 )- 
valued holomorphic functions of z on C\{ — (N+~)} with simple poles. Namely, for every n 

1 n 1 1 n 1 — 

k=0 k=0 

are holomorphic on the domain Kez > —n—\. However, 

oo 1 oo 1 

^(z+k+^E^K), ^2( z -k--)- 1 E ktk (K) 

fc=0 fc=0 

may not converge in Hol(C 2 ) in the sense of partial fractions. They converge only for K G 
K E &- respectively. 

The next result may sound strange 

Theorem 4.6 If KeRq, then those three elements are inverse of z-\-\u°v: 

1 °° 1 

■■(z+—u°v)-l: K , {z+n)- l D n , n (K), :(z+—uo V )^: K 

n=—oo 

They are holomorphic mappings respectively of C\{ — (N+jj)}, C\{Z}, C\{N+|} into Hol(C 2 ). 

Now, for a fixed i^G-^o, consider z G C where :{z+^u°v): K fails to be invertible, which may be 
called the "spectre" of -^u°v as in the operator theory. Theorem l4.6l shows that :^u°v: K cannot be 
viewed as a single element from a view point of operator representations, as this has three different 
kinds of specters 
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